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EFFECTS OF VELOCITY SPREAD AND WALL RESISTIVITY
ON THE GAIN AND BANDWIDTH OF THE

GYROTRON TRAVELLING-WAVE AMPLIFIER

I. INTRODUCTION

The onset of oscillations at a relatively low current level remains a major obstacle in the develop-

ment of high power gyrotron travelling wave amplifier (gyro-TWA) (1-2). Analogous to the conventional

travelling wave tube, it has been experimentally shown that the introduction of wall loss, either in the

form of a lumped or distributed loss (3) , may render the gyro-TWA stable against oscillations resulted

from reflections. Parallel theoretical studies (41 also reveal that a small wall resistivity may reduce the

danger of exciting an absolute instability, (s) whose presence can lead to oscillations even in the absence

of reflections. While wall resistivity may stabilize the amplifier against both types of oscillations, it may

also modify the gain and the bandwidth. On the other hand, there is always the interesting possibility

that it may also lead to some type of resistive instability which would not exist if there is no wall resis-

tivity. Thus, in this work, we study in detail the effects of a distributed wall resistivity on the gain and

bandwidth of the gyro-TWA, with the velocity spread in the electron beam accounted for. Previ-

ously l ', the effect of velocity spread has been studied in the absence of wall resistivity. Here, we study

the combined effects of the wall resistivity and velocity spread with emphasis on the former.

Under the realistic assumptions that the skin depth 8 of the wall material is much less than the

wall thickness and the wall radius r,, we generalize the dispersion relation derived earlier17) to include

the effect of wall resistivity and of velocity spread. We analyze the gain curves over a wide range of

parameters. The principal results are summarized as follows.

The presence of a small resistivity (e.g., 8/,, - 0.0026, as in the NRL experiments), only slightly

reduces the gain of the amplifier. More specifically, the reduction in gain is approximately 1/3 of the

Manwipt submitted August 5, 1980.



LAU, CHU AND BARNETT

cold-tube loss for frequencies in the neighborhood of the grazing intersection. This result may be para-

phrased as that the resistive wall is 3 times as effective in damping the backward waves reflected from

the end of the waveguide than the forward amplifying waves, leading to the distinct possibility that wall

resistivity may stabilize the amplifier without significantly reducing its gain. (Recall in this regard that

the resistive wall may also stabilize the absolute instability, as mentioned earlier).

Of equal interest is our finding that wall resistivity can increase the bandwidth for realistic values

of 8/r,. This increase in bandwidth, which is quite substantial when the applied magnetic field is main-

taned exactly at the grazing value, results primarily from the leveling of the gain curve. The

bandwidth is less sensitive to wall resistivity if the magnetic field is below the grazing value. The pres-

ence of wall resistivity also broadens the unstable band in the frequency spectrum: growth of waves

below the waveguide cutoff frequency is found possible, leading to some optimism that very wide band

amplifier may be realized.

A modest amount of velocity spread, say, on the order of 10 per cent, does not reduce the peak

gain significantly. However, the bandwidth may be significantly reduced. The reduction in bandwidth

is most noticeable when the magnetic field is exactly at the grazing value. For a slightly lower value of

magnetic field, the reduction in bandwidth is minimal, even at a current level as high as 10 amps.

The extensive numerical study of pin and bandwidth points to the following optimum design

parameters. A beam current on the order of 10 amps, an applied magnetic field about 2% below the

grazing value, a wall resistivity with a skin depth about five thousandth of the wall radius. For a gyro-

TWA with such design parameters, a gin on the order of 3.5 db/wavelength with a bandwidth of

approximately 4 per cent could be achieved. Such an amplifier may operate stably with significant

efficiency.

In keeping with the operation of the amplifier, namely, amplification of a signal of frequency W, in

this paper, we shall calculate the complex axial wavenumber k. as a function of (real) W from the

2
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dispersion relation. We should remark that in so doing, care must be exercised to obtain and to inter-

pret the pin curve, especially when the current exceeds the threshold value for the onset of absolute

instabilities.") The proper branch of the solution must be chosen [cf. Ref. (5), p. 381. On the other

hand, calculations of complex & for real values of k, might easily be misused in connection with

amplifiers (cf. Ref. (S), p. 1671.

In Section 1I, we shall formulate the dispersion relation including the effect of wall resistivity and

of the velocity spread in the electron beam. The numerical results are presented in Section III. The

major results and implication are discussed in Section IV.

11. FORMULATION

The inclusion of a small, but finite wall resistivity in the waveguide requires some modification of

the derivation of the dispersion relationship. Considerable simplification results when two assumptions

are introduced: (1) The beam is sufficiently tenuous that the wave with which it interacts is primarily

the vacuum field supported by the (lossy) waveguide; (2) The thickness, as well as the inner radius r,

of the resistive wall are much larger than the skin depth 8 associated with the wall material.

The first assumption was adopted in virtually all literature on gyrotron. The excellent agreement

between experiments and the theory developed under this assumption leaves little doubt regarding its

validity. Implied also in this assumption is that the beam mode and the waveguide mode are close to

synchronism. One should take precaution, therefore, if the present formalism is to be extrapolated to

explore the possibility of designing an extremely wideband amplifier, even though such a possibility is

potentially attractive. The second assumption is also generally valid for any realistic gyro-TWA experi-

ment. For example, in the planned NRL. experiments r. - .533 cm, 8 = 1.4 x 10-1 cm at 35 GHz.131

Thus 8/r,, a 2.6 x 10r" , an extremely small quantity compared with unity.

Our calculation of the dispersion relationship follows closely with Chu, Drobot, Szu, and Spran-

gIle. 7) First, the vacuum fields of the TE, mode in a cylindrical Jossy waveguide are
3
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-JO(a,,r) exp ik~z - iwl) (1)

Br' k~ I JI (a, r) exp Gik - kit) (2)
a,

- -w) B,.( ')I/k.c. (3)

Here, .10 and J, are Bessel functions of order zero and one. As will be shown in Appendix A, the

characteristic radial wavenumber a, is given by the equation

8f: -. ZA I I 0( ) - mo(V (4)

where 2,r 5

In the limit of small 8/ rw, the approximate solution to Eq. (4) is

where CO, is the n-th non-trivial root of J1, i.e., Co - 3.832, 7.016, 10.173, etc. When we denote

a, SCJw the slightly complex radial wavenumber reads

Note that I m (a.. r.) 0, if 8 O (8)

J, (a,, r.,)

I d0. f8#0 . (9)

To make full use of the mathematical property of Bessel functions, let us define

I, rw 2j

Thus

4
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For ready comparison with the cold tube loss rate resulting from wall resistivity, we calculate the

axial wavenumber k for the emply waveguide. From Eqs. (5) and (6), we find, for the empty

waveguide, k. - k: where

k .- o -,, (1-)-, (12)

with

ka 2 11/2

c o-n01 (13)

being the axial wavenumber of the corresponding lossless waveguide. Note that Eq. (12) is valid even

if k. - 0. It will be used to calculate the attenuation rate of the waves in the cold tube due to the wall

loss. On the other hand, measurements of attenuation rate for the cold tube at various frequencies may

be used to determine the skin depth of the wall material by Eq. (12).

We now consider the interaction of the electron beam with the above electromagnetic waves. In

the typical configuration of a gyro-TWA (Fig. 1), the electrons, forming an annular beam, are guided

by a uniform magnetic field (B, e.). They move along helical trajectories. Ideally, all electrons have

the same perpendicular velocity vi. and the same parallel velocity v, with their guiding centers uni-

formly distributed on a surface of constant radius r, (Fig. 1). The electromagnetic fields represented by

Eqs. ()-(3) induce a current perturbation in the beam. This response in the current has been com-

puted by Chu(8) for the lossless waveguide by solving the linearized Vlasov equation. His calculation

can readily be extended to the present case of a lossy waveguide because the field solutions Jo(anr) and

Ji(a,r) in Eqs. (1)-(3) are entire functions of a,,. In order that this perturbation current (I) be con-

sistant with the field solutions (1)-(3), they must be related by the Maxwell equations as follows:

1(14- T- r~~l k 2B, (1 + KB'" -) -± (rj41)) (14)
r r, r j 2- r 8r

where jJ4l) is the 9 component of the perturbation current. Strictly speaking, Eq. (14) is an integral-

differential equation since J.(I) is a functional of the fields which are to be solved self-consistently.

., . ., - . _ :.r,- - J-, ..,. .. ,: . - ,. ,. . : , S



LAU, CHU AND BARNETT

The first assumption introduced at the beginning of this section can now be used to simplify the

formulation. By this assumption B ') is given by Eq. (1). Multiply equation (14) by rJo(ar) and

integrate the resultant equation from r - 0 to r,. We then obtain

2- -0- a.' " e dr r Ji) J (anr) (15)

where we have used equation (11) and a,, r. * are given by equations (7) and (10) respectively. This

procedure is justified as all quantities in equation (14) are entire functions of r. For the same reason,

the modified dispersion relation now reads

°2 k? a - 8 VS

k -a_ fopdp f dp.g(p.Lp..)

Y ( 3m2c2( - kV )pH(,roarL)

(w - k.v.)QS(a,,ro,anrL) (16)-~ - 16- i)

where fic - eB0 /ymc, rl. - vJ/1 C, v = Ne2/mc 2 is the dimensionless beam density parameter, N is the

number of electrons per axial length, and the functions Hs and Qs are defined by

H (x,y) [J(x)J'5 (y)12

and

Q,(x.y) - 2Hs(xy) + yJ,(y)J"s()fJ}(x)(l + s2/x 2)

+[J', (x)12) + 2s 2J,(x)J',(x)J', (y)LyJ' (y)

- JA(y)l/xy.

In Eq. (16), g(pj ,,P) is an arbitrary function of the momentum p and Pz satisfying f g(pjp:)

d3p - 1. The most suitable electron beams for the gyrotrons are those generated from a magnetron-

type electron gun. Typically, such beams are characterized by a negligible energy spread, hence the

velocity spread comes primarily from the pitch angle spread of the electron velocity. To model this

kind of beam, we let

(pLj.P.) - K 8(v-v.) ex - (A- )2 I

6
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where K is a normalization constant and 1p, is the mean axial velocity spread, and 8 is the delta func-

tion of Dirac.

Equation (16) is identical in form with that for the lossless waveguide (" 6) except that a, now has

a small imaginary part, and that we have neglected the azimuthal modes. It incorporated two obvious

physical effects of the wall resistivity: (a) its modification of the waveguide mode and hence (b) the

modified beam-wave interaction as a result of the modification in the electromagnetic field. The first

effect is represented by the complex a, appearing in the LHS of Eq. (16) and the second effect by that

in the RHS. In Appendix B, we show that the second effect is negligible in comparison with the first

effect. Thus we may replace a, by ao, in the right hand side of Eq. (16).

It is anticipated that wall resistivity should reduce the forward gain of the amplifier. Actually, the

reduction in the gain is considerably less than that expected of the vacuum waveguide. In Appendix B,

we estimate that the reduction in the gain by wall resistivity is approximately 1/3 of the cold tube loss

(by resistivity) at the same frequency. This analytic result is supported by our numerical results. It

may be regarded significant since it means that wall resistivity may stabilize the amplifier, by damping

out any reflected signal from the end of the waveguide, without sacrificing the forward gain as

significantly.

In Section II1, we shall present numerical results for various combinations of 8/r,, velocity

spread, beam current and the applied magnetic field. The results are obtained from the full dispersion

relationship (16), and from its modified form when velocity spread is present.

Ill. NUMERICAL EXAMPLES

The general dispersion relationship (16) is applicable to all cyclotron harmonics (s) and to all

radial mode numbers (n). Thus, a huge parameter space needs to be explored for an exhaustive inves-

tigation of the performance of the gyro-TWA. To limit our studies of the effects of wall resistivity and

7
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of velocity spread, we shall only examine the lowest cyclotron harmonic of the TEO, mode. Even then,

four parameters need to be specified to obtain the gain curve. They are:

(a) the magnetic field BO, in units of the grazing value BG,

(b) the current I,

(c) the wall resistivity, measured by 8/r,, and

(d) the velocity spread, measured by AP:/P:o.

The magnetic field is said to assume the grazing value when the non-relativisitic electron cyclotron fre-

quency equals to the cut-off frequency of the waveguide. The numerical examples obtained may then

be used, after properly scaled, to predict the performance of the amplifier operated at higher harmonics

and at higher order modes.

To facilitate comparison of results, at the expense of some duplications, we shall present our

numerical calculations in three subsections. In each subsection, gain curves are given in which three of

the four parameters mentioned above are held fixed and only the remaining one is allowed to vary. All

gain curves are drawn with the same scale. The individual effects are thus placed in sharp focus. In

Subsection a, in each graph of the gain curves, only the wall resistivity is varied. In Subsection b, only

the velocity spread is varied and in Subsection c, only the current is varied. In all cases studied, we

assume that 811 - 0.266, vio/vil 0 - 1.5 and that the beam energy is 70 keV. These assumptions closely

represent the NRL experiments.") We shall postpone to the next section for some general discussion of

the role of resistivity in instabilities.

a. The Effect of Wall Resistivity

In this subsection, we present the gain curves in which the wall resistivity (8/r.) is allowed to

vary. We shall plot the normalized spatial growth rate k, -kir. as a function of normalized fre-

quency w -  r,,/c. For a lossless waveguide, 9 assumes the value 3.832 at the cutoff frequency and

3.975 at the grazing frequency. In both Figs. (2) and (3), we set B/BG - I and Ap. - 0. In Fig. (2),

8
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I - 1 amp and in Fig. 3, 1 - 3 amps. Also shown in parentheses in these figures are the bandwidths,

which represent the frequency range inside which the gain is within 85% of the peak value. It is seen

from these two figures that the gain is not reduced by a significant amount as 8/r, is raised from 0 to

0.0025 (again, in the NRL experiments, 8/r, - 0.0025). If 8/r, is further raised from 0.0025 to 0.01,

which amounts to an increase of wall resistivity by a factor of 16, we see that the bandwidth

significantly increases [c.f. Fig. 31 while the gain is not substantially reduced. In fact, if we compare the

numerical value of this reduction in gain with the cold tube loss as determined from Eq. (12) [c.f. Fig.

41 the former is approximately 113 of the latter, over the useful bandwidth in the vicinity of the grazing

frequency. This result is in qualitative agreement with the analytical study given in Appendix B. The

sharp peak in the 81r. - 0 curve in Fig. 3 is indicative of the presence of an absolute instability"4 in

that case.

In Figs. 5-7, we include the effect of the velocity spread while the magnetic field is still main-

tamined at the grazing level. It is again seen that the bandwidth increases with wall resistivity, and the

forward gain is not reduced significantly.

In Fig. 8, we set BiBG - 0.98, 1 - 7 amps, and Ap: - 0. The bandwidth also increases with wall

resistivity, but its dependence on resistivity is less sensitive than that in the case of exact grazing mag-

netic field. The slight decrease in bandwidth as 81r,, changes from 0.005 to 0.01 as shown in this figure

suggest the presence of resistive damping.

It is of interest to point out that even though the peak gain is reduced by wall resistivity, the

unstable band of the amplifier is enlarged. Virtually, in all cases, the unstable band extends to frequen-

cies below the cut-off frequency of the waveguide if wall resistivity is included, thus suggesting the

presence of some resistive wall-induced instability. We shall comment on this dual role of resistivity in

Section IV.

9
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b. The Efect of Velocity Spread

In this subsection, we evaluate the effect of velocity spread on the gain and bandwidth of the

gyro-TWA. In each figure, all parameters are held fixed except the velocity spread Ap:p. We take

the values of AP~ . to be 0, 7% and 15%. It is found that the velocity spread reduces the gain and

bandwidth significantly when the magnetic field is maintained at the grazing level. On the other hand,

when BIEG < 1, velocity spread does not seem to reduce the gain nor the bandwidth to as a great

extent, even at a high current level. [Of course, one might also worry that at a high current level, the

beam quality may deteriorate and the velocity spread may increase).

In Figs. 9-11, we set B/BG - 1, 1 - 1 amp, and let 8/r, - 0, 0.0025 and 0.1 respectively. We

see that at this low current level, the presence of velocity spread reduces the gain and bandwidth quite

significantly [c.f. Fig. 111. This remains to be the case when the current is raised to 3 amps, as shown

in Figs. 12-14, where we still set B - BG..

If we lower the magnetic field, so that B/BG - 0.98, [c.f. Figs. (15)-(17)], then the velocity

spread has a lesser influence in the gain and in the bandwidth. In these figures, we have set 8/r, -

0.0025. A higher value of 8/r., such as 0.01 as used in Figs. 18-21, would permit the amplifier to

operate stably at substantially higher current. (4) It is apparent from these figures that the bandwidth, as

well as the gain, again does not greatly suffer from the presence of velocity spread.

c. The Effect of Increasing Current

Finally, we examine the dependence of gain and bandwidth on the current. When the current is

sufficiently high, an absolute instability sets in. There would then be some ambiguity (5 ) regarding the

proper solutions of the amplifying waves. Such an ambignity arises from the intersection of the branch

cut in the w, plane with the real o axis. It does not seem to pose a serious problem in the present study

when the beam current exceeds the threshold current only by a moderate factor, such as 1.5. We have

10
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exercised some care in choosing the correct solution, and we may refer to Ref. (4) for a detailed discus-

sion of the absolute instability and for the calculation of the threshold current in the gyro-TWA.

Here, we report that while the gain increases with the current, as expected, the bandwidth

decreases once the current exceeds the threshold value for the onset of absolute instability. This may

be intepreted as the tendency of the system to respond mostly to a particular frequency, namely, the

natural frequency of oscillation when the absolute instability is present, thereby leading to a narrow

bandwidth that results from the sharp peak in the gain curve in the neighborhood of that natural fre-

quency. These statements are corroborated in Figs. 22 and 23, where the gain curves tend to peak at

the cutoff frequency (i.e., Z;, - war./c - 3.832), which also is the frequency (4) for the onset of the

absolute instability. From Ref. (4) the threshold current for parameters shown in Fig. 22 is 1.5 amps

and that for Fig. 23 is 5.0 amps.

On the other hand, if the current is below the threshold value, then increasing the current would

lead to the increase of both gain and bandwidth, as clearly indicated in Figs. 24-27. In these figures, we

set BIG - 0.98 so that the threshold current is high14'. The threshold current for both Figs. 24 and

25 is 5.5 amps and that for both Figs. 26 and 27 is 12 amps. The velocity spread in Fig. 24 is 7% and

that in Fig. 25 is 15%. Figure 26 and Fig. 27 differ also only in velocity spread. The curves in Fig. 26

are hardly modified if the velocity spread in 7% instead of zero [c.f. Figs. 15-211.

IV. DISCUSSIONS

One thing that stands out among the numerical results is the dual role played by electrical resis-

tivity: (a) in its reduction of the pin of the cyclotron maser instability and (b) in its excitation of

amplifying waves in a regime where such amplification would have been impossible if the resistivity is

absent. Such a dual role of dissipative effects is of common occurrence in physical systems with avail-

able free energy. If in such a system an instability of the reactive type(53 is already present even in the

absence of dissipative effects, the introduction of dissipation would reduce the growth rate because it

iI
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takes away the free energy that drives the instability. On the other hand, if there is no instability in

such a system in the absence of dissipation, the introduction of dissipative effects would lead to growth

of waves, as dissipation would induce relaxation of the system which is on the verge of becoming

unstable to begin with. Numerous examples of these phenomena can be found in the literature of clas-

sical mechanics, hydrodynamics, plasma physics, electron beam devices, astrophysics, etc.

The major results and their implication of the present study may then be summarized as follows:

(1) In terms of power, gain, bandwidth, efficiency, and stability, the gyro-TWA would achieve

best overall performance when the magnetic field is maintained just slightly (say, 2%)

below the grazing value. Stable operation with significant gain and bandwidth (such as 3-4

db per wavelength in gain and 4% in bandwidth) may be achieved at a current of 10 amps,

or even higher, if 8/r, 0.005.

(2) Wall resistivity leads to a reduction in gain by an amount on the order of 1/3 of the cold

tube loss. It leads to an increase in bandwidth when the magnetic field is maintained at

the grazing value. If the magnetic field is below the grazing value, and if the current is

low, the presence of wall resistivity may actually reduce the bandwidth. The latter may be

regarded as an example of resistive damping.

(3) Velocity spread typical of present electron guns (AP-/P., = 5- 10%) does not significantly

reduce the peak gain. The underlying reason is that its effect enters in the combination

k,(Ap,) 2 qualitatively and the amplifier reaches a peak gain when to - W, at which k. is

small. At higher frequencies, k, becomes sizable and the effect of velocity spread would

then be important. Thus, the bandwidth may be significantly reduced, especially if the

magnetic field is maintained at the grazing value.

(4) The gain and bandwidth of the amplifier are less sensitive to velocity spread or to resis-

tivity when the magnetic field is below the grazing value. Thus, for stability of the

12
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amplifier, we need a wall resistivity whose skin depth is on the order of 5 x I0' r,,. To

reduce the deteriorating influence of the velocity spread on the bandwidth, the magnetic

field should be maintained slightly below the grazing value. The current should be on the

order of 10 amps, which is sufficiently high for gain and power, yet low enough to avoid

oscillations. These arguments form the basis of the parameters quoted in the Abstract.
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Appendix A

DERIVATIONS OF FIELD PATTERNS IN A CYLINDRICAL

LOSSY WAVEGUIDE

In this Appendix, we calculate the field patterns of the TE,,. modes in an empty, cylindrical

waveguide with a lossy wall. We shall assume that the skin depth 8 of the wall is much less than the

wall radius r,, the wall thickness, and the free space wavelength c/w. Thus, we consider two regions.

Region I is the free space region: 0 < r < r., inside which the electrical conductivity oa is zero.

Region II is the wall region: r. < r < -, where a is large but finite.

It is well known that the z component of the magnetic field of the TE mode is governed by the

Bessel equation

j 2 + ! -0. (A)

In region 1, k, - k, where

k- 2  
-k2. (A2)C2

Tthus, the solution which is regular in this region is

B.."i(r) - A Jo(k.r), 0 e* r < r.. WA )

where A is an arbitrary constant and J0 is the Bessel function of order zero.

In Region I, kd - k12, where

k 2 a- k.2 = iwA o'. (A4)

Here, , and p. are the permittivity and permeability of free space. In writing the last expression in

(A4), we have assumed that the skin depth

a- V 2(A5)
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is much less than the free space wavelength c w. Using (A4) into (Al), and introducing the transfor-

mation

Bp ) - (A6)

we rewrite equation (A) for Region II as

d 2 4 + + .0 ., < <o. W):
dr2

The last term 1/4r2 is clearly small in comparison with w#Ac" for all r > r, and hence is neglected. In

order that the solution to (A7) is bounded as r - c, we have

BP'(r) - r- 2 (r) . B P- 1/ 2 e-+ r > r. (AS)

where B is an arbitrary constant. Two conditions are now imposed on the solutions (A3) and (AS) a

the boundary r - r. separating the two regions:

- B:"'( W),. (A9)

dB: 1'(r ) dB"(W' (r)(

dr - -,Z, dr -, (AIO)

Condition (A9) assures the continuity of the magnetic field and (A10) the continuity of the tangential

electric field. Observe from Eq. (AS) that the variation of the magnetic field in the wall region

(r > r.) is dominated by the exponential factor since 8 << r,.. Thus, in imposing condition (AI0).

we can ignore the geometrical factor r- "/2 in Eq. (AS). It can then immediately be shown that (A9)

and (A10) lead to the dispersion relationship

8..fL.2 (k~1r.) Jo(k~1r.) - Jj(k,,jr) (All1)

which is reproduced as Eq. (4) in the main text. Of course, this dispersion relation can also be

obtained by first formulating the field solutions in the wall region in terms of Bessel functions (with

complex arguments), to be followed by the use of asymptotic formulas of the Bessel functions when

8/, « I. TLe formulation presented above illustrates clearly the nature of such approximations.
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With k. I r, and 8/r. << 1. Eq. (All) admits the approximate solution

- +(AI2)

where J1((.) " 0 and IC is given by

A (J)/2 I C-(AI3[

Equation (A12) reduces to Eq. (6) of the main text after we use in (A)3) the formula

(/ J0() at the roots 4o. of J1 .

We summarize by stating that the vacuum fields of the TE,,. mode in a lossy waveguide are given

by Eqs. ()-(3) in the main text. The radial wavenumber a, in these expressions is given by Eq. (7).

The influence of the wall resistivity on the beam dynamics will be discussed in Appendix B.
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Appendix B

EFFECTS OF RESISTIVE WALL ON THE DYNAMICS OF

THE ELECTRON BEAM

In this Appendix, we assess the influence on the electron beam dynamics by a small, but finite,

wall resistivity. We shall show (a) that the loss in the forward gain of the amplifier is approximately

1/3 of the cold tube loss and (b) that the electron beam essentially experiences the vacuum field inside

a lossless waveguide. Again, our estimates will be based on the smallness of 8/r, and we shall consider

complex roots of k. for real values of w.

Near synchronism, o2 - Oc 2 - a'c' 0 and - k . y - -sg 0 O. The second term in the

right hand member of Eq. (16) can be ignored compared with the first term. We can further approxi-

mate w2 - k~c2 by a,2c 2 in the right hand side of (16). Thus, Eq. (16) is simplified to read

(W2 - C2 - a,c 2) (W - kyvz - sflc)2  - H(ar 0 ; arL) (BI)

where, for analytical tractability, we have e Ap. - 0.

With G E wr,,/c, k -Ir,, Eq. (BI) becomes

I -~z 8 ffc IE2
of-L" Q-0j- E =_ E, + X, (B2)

I I ~rw 1Al I

where we have used Eq. (7) and fc =- sflrjc. In Eq. (B12), the parameter E, whose real and ima-

ginary parts are denoted E, and E,, is proportional to the right hand member of Eq. (BI). It is clear

from (7) and (BI) that

Eja
TE 1  -l]l. (113)

Thus, both sides of (B2) are modified by wall resistivity through the introduction of a term of order

81r.. The statement (b) at the beginning of this Appendix claims that E can be neglected. The argu-

ment supporting this claim will be given later in the Appendix. We shall now prove the statement (a).
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In the absence of the beam, E- 0, and the wave inside the lossy waveguides attenuates at a rate

given by the imaginary part of k., where

21/ 2' - 1)8 r,
-2_ I 8 (1 (Z2 4:2 )1/ 2 I G ' - l)/r)- 1+ (-- -'-J5 " ()

The last expression is valid once @/Co. - 1 > 8/r,,, i,e., once the frequency w exceeds the cut-off fre-

quency (o by the (small) amount (8/r,)aiw. Thus the normalized attenuation rate of the cold tube is

To estimate the reduction of the gain by the wall resistivity, we neglect E in (B2) and rewrite

(B2) as

E(k-k.) (k ,) 2 = ( + .) (l 6)

where

-- (17)

which is real for real values of Z. If we consider the vicinity of the grazing condition, at which

c -(I2. ,)12 (B8)

then we may rewrite Eq. (B6) as

j,2 [j, + (jB - kw)] L-- =_+kw k El (B9)
SW (k + k.) 2k, B9

where we have defined

M - k, (IO)

and k C o,,/ (1- ,2)-112 is the characteristic wavenumber at the grazing condition. Note that

Im(k') - Im(k). Upon using (BS) and (B), we have

-- [BI 1)-1)
2 jrj(@2.. 2 )1/2

Equation (BI 1) may now be used in Eq. (B9) to estimate the effect of a small (8r,.,) on the gain per

unit length, which is measured by the imaginary part of k'. We. represent the solutions to Eq. (B9) as
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-'"o + k'1 . (B12)

where k'o is the solution to (B9) when wall resistivity is absent, (i.e., 8 - 0). Thus, k'o satisfies

-E, (B13)
and the imaginary part of k' represents the reduction of the forward gain by the wall loss. By substi-

tuting (812) into (B9) and by assuming k'l << k'0 , we obtain

6 1 (B14)

whose imaginary part is approximately 1/3 of 1m(k,) by Eq. (B4). These qualitative estimates are

confirmed by detailed numerical calculations (c.f. Fig. (4)). Thus, the reduction in the forward gain

because of the wall resistivity is only one third of the cold tube loss.

We finally show that a small imaginary part in the RHS of the dispersion relationship (B2) [or

(B9)] has a negligible influence on the gain. To this end, let us consider Eq. (B9) and add a small ima-

ginary part to its right hand side. Then (B9) becomes

j'2 [k' + 81] - k'(l + i82) (BI5)

where 81 and 82 are both of the order of 8 /r, and k'3 - El. Again, expressing the approximate solu-

tion to (BIS) in the form of (B12), we find

1 -i 81 - ii'0 821 - (B 16)
Since 81 and 82 are of the same order and k'0 - E113 is a small quantity whose order of magnitude is

typically in the range between 0.01 and .1, we conclude that the introduction of a small imaginary part

in the RHS of the dispersion relation (16) has a much smaller effect than that appearing on the LSH of

(16). In physical terms, the modified fields by the wall resistivity does not significantly affect the beam

current perturbation in response to these fields.
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f

Fig. I - Cross sectional view of the gyro-TWA. The applied magnetic field
points out of the Paper.

B/BG  03 %] =1amp Fig,. 2 - Normalized amplification rate Z, - !klir. versus normalized fre-

Apz 0 quency Z - wr/c at various values of wall resistivity (81r.). All other

No parameters (818 G , /. ap:p.,) are fixed as indicated. The numbers shown

0.3 -in the paranthesis in the figure denote the bandwidths.

0.2- - 0 (3.51%) "

0.0025 (4.74%)

0.1

0-
3.4 3.7 4.0 4.3
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BIBG =1

I= 3 amps

0.3- Pzo ,- 
0  (1.3%/)

0.0025 (2.16%)

0.2 0.01 (5.77%)

0.1

0w
3.4 3.7 4.0 4.3

Fig. 3 -Same as in Fig. 2.

-COLD TUBE LOSS RATE

0.2 REDUCTION IN GAIN

0.1

3.86 3.94 4.02 4.10

Fig. .4 -Cold tube loss rate (solid curves)I and the reduction in the
amplification rate (dashed curves) due to wall resistivity. The parameters for
the dashed curves are 81G- 1. .lp, - 0, 1 1 amp. The same dashed
curves are obtained if I is raised to 3 amps.
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B/BG1

I= 1 amp

.Ipz -7%/

0.3 Nzo

0.2 r a 0(2.65%)
7W

0.0025(3.32%)
0.01 (4.13%)

0.1

0 . 3.7 4.0 4.3

Fig. S - Same as in Fig. 2.

BIBG1

I= 3 amps

--p 7%

0.3 0 0(1.-22%?w

0.0025(1.93%)

0.20.01 (4.64%/)

0.1

0
34374.0 4.3

Fig. 6 - Same as in Fig. 2.
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I= 3 amps

- z 15%

0.3 -r

0.0025(1.51%)

0.2
0.01 (3.12%)

0.1.

0-4 3.7 4.0 4.3

Fig. 7 - Same a~s in Fig. 2.

kj

BIBG =0.98

I= 7 amps

NO -0 (3.78%)
0.3 - PZO

0.0025 (4.64%)

0.005 (4.67%)

0.2 -0.01 (4.62% )

0.1

0
3.4 3.7 4.0 4.3

Fig. 8 Same as in Fig. 2.
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BIBG=1
I=1amp

=/y 0

0.3

0.2 - 0 (3.51%)

7% (2.65%)

0.1 -15%/6(1.486/)

0. 3.7 4.0 4.3

Fig. 9 - Normalized amplification rate k, versus normalized frequency ra.
Here, only the velocity spread Ap:Ip, is allowed to vary, all other parame-
ters I B/BG. 1. 8/ r.) are fixed at the values as indicated in the figure. The
numbers in paranthesis denote the bandwidth.

BIBG 1
I= 1 amp

S/r, 0.0025

0.3

0.2 = pz 0 (4.74%)
PZO

7%/0(3.32%)

0.1 -15% (2.15%)

ra

3.4 3.7 4.0 4.3

Fig. 10- Same as in Fig. 9
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BIBG=1
1 = 1 amp

8Irw 0.01
0.3

0.2

=0(5.46%)

0.1- 7 %(4. 13 %)

15% (2.49%)

3.4 3.7 4.0 4.3

Fig. ItI - Same as in Fig. 9.

BIBG =1

I= 3 amps

0.3 .p
=!- 0(1.3%)

7% (1.22%)
0.2

15%/ (1.02%)

0.1

0
3.4 3.7 4.0 4.3

Fig. 12 - Same as in Fig. 9.
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I= 3 amps
.r =0.0025

0.3

'Iz= 0 (2.16%)
Nzo

0.2- 70/0(1.93%)

15%/ 0.51%.)

0.1

0 i
3.4 3.7 4.0 4.3

Fig. 13 -Same as in Fig. 9.

1= 3 amps
8/r, 0.01

0.3-

Ipz 0 (5.77%)

0.2- 7% (4.64%)

15%. (3.12%)

0.1-

343.7 4.0 4.3

Fig. 14- Some asin Fig. 9.
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B/BG =0.96

I= 3 amps

0.3 8Irw 0.0025

0.2-

.IPZ 0 (3.78%)

Pz7% (3.75%)
0.1 15% (3.33%)

01
3.4 3.7 4.0 4.3

Fig. 15 - Same ais in Fig. 9

BIBG = 0.98
I = 5 amps

8/r,, = 0.0025
0.3-

=Ip 0 (4.44%6)

0.2 N~pO
7% (4.23%)

015% (3.61%)

0.1

0l
3.4 3.7 4.0 4.3

Fig. 16 - Some as in Fig. 9.
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a/IG 0.98
I =7 amps

* /rl = 0.0025

0.3-
.Apz
No- 0 (4.64%)

701 (4.36%)
0.2-

150/o (3.63%)

0.1 .

3.4 3.7 4.0 4.3

Fig. IT - Same as in Fig. 9,

BIBG 0.98
1= 4 amps

8/. 0.01

0.3

0.2 -- 5-z 0 (3.73%)

7% (3.76%)

0.1- 15% (3.44%)

3.4 3.7 4.0 4.3

Fig. 18 - Some ats in Fig. 9.
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M/G =0.96
1= 7 amps

8Irw = 0.01

0.3

=IP 0(4.62%)

0.2 7% (4.49%)

15%/ (3.93%/)

0.1

34 3.7 4.0 4.3

Fig. 19 - Same as in Fig. Q

8/BG = 0.98

I = 10 amps
8/r, = 0.01

0.3- Ap2 -0 (4.97%)

7% (4.80/)

0.2- 15%. (4.08/6)

0.1-

3.4 3.7 4.0 4.3

Fig. 20 - Same as in Fig. 9.
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8/, 0.96
114 amps

Ir=0.01

0.3 p, = 0 (5.18,1%)

7% (4.92%)

15%. (4.20%o)

0.2-

0.1

Ca,
0
3.4 3.7 4.0 4.3

Fig 21 -Same .is in Fill~

B/ 8 G = 1
8r,= 0.0025

.1p,

0.3-

3 k ap 3 2 amps (2.16%)

0.2 -1 amp (4.74%)

0.5 amps (5.03%)

* 0.1

3.4 3.7 4.0 4.3

Fig. 22 - Normalized ampliflcation rate i, versui normalized rrequency Here.
only the current Iis allowed to vary. all other Parameters 1/, r. A p., p,) are
fixted at the values as indicated in the fillure the numbers in peanthesis denote the
bandwidths
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SB/BG = 1
S/rw  0.01

S0 1= 9 amps (1.9%)

0.3 7 amps (4.43%)

5 amps (5.280/)

0.2 - 3 amps (5.77%)

3.7 4.0 4.3

Fi$, 23 - Same as Figr. 22.

F4 I3/G - 0.98

S1r w = 0.0025
-IPZ

- = 7%
NZO

0.3

7 7 amps (4.36%)

5 amps (4.23%)
0.2 -
0.3

amps (3.%)

0- i
3.4 3.7 4.0 4.3

Fig 24 - Same as Fig 22
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81 6 G = 0.98

l3Irw = 0.00251

0.3 =15%

=7 amps (3.63%)

0.2 5 amps (3.61%)

3 amps (3.33%)

0.1-

01
3.4 3.7 4.0 4.3

Fig. 25 - Same as Fig. 22.

BIBG = 0.98
Skjit = 0.01

=IP 0

0.3- 1=14 amps (5.18%)

10 amps (4.97%.)

7 amps (4.49%)
0.2-

4 amps (3.73%)

0.1

3.4 3.7 4.0 4.3

Fig, 26 -Same as Fig, 22
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BIBG = 0.98
8Irw = 0.01

_%P = 15%

0. /1 14 amps (4.2%)

10 amps (4.08%)
amps (3.93%)

0.2~~ 4amps(.4[

0.1

3.4 3.7 4.0 4.3

Fig. 27 - Same as Fig. 22.
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